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Abstract
Previous theoretical treatments of high-frequency electrical breakdown in gases,
based on the Boltzmann transport equation, were applied to specific gases and met with
mathematical difficulties when applied to higher pressures. We now present a simpler
solution applicable to any gas and to a wide pressure range. Agreement between theory
and experiment with hydrogen gives confidence that the energy distribution function is
correct, and the distribution function is therefore used to compute other quantities of
physical interest.
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HIGH-FREQUENCY ELECTRICAL BREAKDOWN OF GASES
In a recent series of reports, the electrical breakdown of helium and hydrogen in a
microwave cavity has been predicted from the measured probability of collision Pc and
the corresponding probabilities of excitation Px and ionization Pi. The only processes
assumed to take place are: acceleration of electrons by the field, elastic and inelastic
collisions with the gas, and diffusion to the walls. They, in turn, have no effect other
than to absorb the electrons and ions. Mathematical difficulties arose in the method
used in the earlier reports when applied to higher pressures. The simpler solution
given in this report is applicable to any gas and to a wide pressure range.
I. Boltzmann Equation
When a high-frequency electric field E = Ep exp(jwt) is applied to a gas, the velocity
distribution F(v) of the free electrons is determined by the Boltzmann equation.
(aF/8t) = C - vF + Vv eEF/m (1)
where C represents the effect of collisions, and fr and v are the gradient operators
in configuration and velocity space. This equation is solved by expanding the distribution
function in spherical harmonics in velocity space and in Fourier series in time
F = FP(cos 0) exp(jkwt) = Fg +v * [F + F1 exp(jwt)] / v. (2)
I k
All terms, except the three indicated, may be dropped when the geometry, pressure,
and frequency fall within certain limits which have been discussed by Brown and
MacDonald (1). These limits require that the mean-free path shall be less than any
dimension of the cavity, that the frequency shall be sufficiently high so that the electrons
do not lose appreciable energy between cycles, and that the average motion of the elec-
trons resulting from the action of the field and of collisions shall be sufficiently small
so that the field does not clear the electrons out of part of the tube in each half-cycle.
In evaluating the collision term, it is convenient to replace the customary mean-free
paths by the collision frequencies for momentum transfer, for excitation, and for ioni-
zation defined by
v c / vPPc() (1 - cos 0) sin dO d (3)
VX =vpPx vi =vpP (4)
where Px and Pi are the experimentally defined probabilities of excitation of all levels
and of ionization, and Pc(8) is the probability of scattering into a unit solid angle
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inclined at 8 to the original direction.
If the temperature of the gas is negligible compared to that of the electrons, the
latter will lose a fraction 2m/M of their energy, per momentum transfer collision, to
recoil of the molecule with which they collide. The mass of the molecule is M and that
of the electron m. This fraction will be increased if there is appreciable transfer of
energy to rotation or vibration, but it is believed that this is negligible.
A collision producing electronic excitation differs from that producing recoil, rota-
tion, and vibration in that the colliding electron loses practically all its energy instead
of a very small fraction of it. These processes are treated mathematically, as though
fast electrons disappeared at the rate (v + vi)FO and slow electrons appeared at the rate
0
qF 0 . Making use of these ideas in the evaluation of the collision term, introducing
Eq. 2 into Eq. 1 and equating coefficients of similar time and angle functions yields one
scalar and two vector equations
(v x + i - q) F0 = -(v/3) r 
+ (l/v 2 ) a [(ev/6m) (p * 1) + (m/M) v F av (5)
real
v F = -vV F (6)c 0 r 6)
(V + jW) F1 = (eEp/m) aF O/av (7)
II. Distribution in Space
The direct and alternating current densities
oo
0
-eF(4rv3/3) dv = evrDn (8)8
0J1 = -eF 1( 4 w v 3 / 3 ) dv = eEn (9)
are fully determined by the components F 0 and F 1 of the distribution function. These,
in turn, are found to be derivatives of F0 . Substitution of Eqs. 6 and 7 into Eqs. 8 and
9 serves to determine the diffusion and ac mobility coefficients in terms of F 0
00
2 0 2
nD f v F04rrv2 dv (10)
3v0
0
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00
nL f 4r e FO d dv. (I)
3 m c+ j
0
The components 0 and F1 can be eliminated from Eq. 5 by substitution from Eqs. 6
0
and 7, and this yields the differential equation for Fo
0 = (v / 3y,) --+ 2 c)
(Vx + Vi - q) FO = (v /3v) VF
+ (l/v2 ) a [(euc/3m) vv 2 (aFo/av) + mvcv3F/M] / av. (12)
The energy, in electron volts, uc = eEP/2m(vc + ), which is introduced here, turns
out to be the average energy transferred from the field to an electron between collisions;
and vcuc is the power transfer. In general, it is a function of the electron's energy
through the collision frequency vc , and it is also a function of the external parameters
E, p, and X = 2rc/. The power transfer has a maximum for v = w, and this corre-
sponds to the pressure for easiest breakdown. At pressures above this value, uc varies
as (Ep/p) .
The total excitation and ionization rates may be defined by
00
0nv f vF OxF04vv dv (13)
00
nv i = v F 0 4srv 2 dv (14)
0
and, since every exciting collision yields one, and every ionizing collision two, slow
electrons
f qF04rv dv = n(vx + 2vi). (15)
0
Use is made of these relations in multiplying Eq. 12 by 4rv2 dv and integrating over all
velocities. The term in brackets vanishes at both limits and one obtains
nv i + V Dn = 0. (16)
This is a diffusion equation and expresses the fact that at breakdown the ionization
rate equals the diffusion rate. It has a solution which is everywhere positive only if
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vi = D/A2, where A is the diffusion length for the cavity. This may be called the break-
down condition.
III. Distribution in Energy
0If the function F0 is assumed to be the product of a function n(x) of space and a
function f(u) of the energy u, defined by u = mv2 /2e, we can make use of Eq. 16 to
replace VF by -nf/Al2 and obtain the following equation for f(u)
v+v.- q+ 2eu f 2 d v U3/2( df 3m17)3mv A2 3v)x i 3mvC^Z) 3 /u du ( ) (1 7)
The terms on the left side represent the electrons leaving unit volume of phase space
through excitation, ionization, and diffusion, and their reappearance at low energy at
the rate qf. On the right are the terms due to energy gained from the field and lost to
recoil.
The excitation frequency vx sets in discontinuously at a potential ux so that it is
always necessary to divide the energy range into two parts and solve Eq. 17 for two
functions, fe and fxi' appropriate to the elastic and inelastic ranges and join them at
ux. On the other hand, (v x + vi) may generally be approximated by a continuous function,
and it is not necessary to join functions at u i . Since the method of solution appropriate
to the two ranges is quite different, they must be discussed separately.
IV. Inelastic Range
When inelastic collisions are possible, they dominate all other collision processes
because of the large energy losses involved. Accordingly, the recoil and diffusion terms
may be left out of Eq. 17. We may also neglect q in this range. The equation to be
solved is then
2 d (cucu3/2 dfxi/du) = 3((v + vi) ul/ fxi (18)
The conditions imposed on the solution are somewhat contradictory. We must choose
that solution which vanishes at infinity, but we want greatest accuracy just above u x
where most of the excitations take place. The conventional asymptotic expansion does
not satisfy the second requirement without an unreasonable number of terms, and the
'WKB method diverges at ux , but we can use a somewhat similar approximation. Setting
u1/2 fxi = exp(-s) (19)
the equation for s is
s - s" - /2u - (s' + 1/2u) u ln(vcuc) = 3(Vx 4 vi)/2UC (20)
An analytic approximation to the experimental data must now be substituted for v cuc
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and vx + i, and a power series in 1/u is substituted for s', reserving the last term in
the series to obtain exact agreement at ux . This procedure will be illustrated later in
the case of hydrogen.
Knowing s, the average ionization frequency per electron is given by
00
Vi = 2rr(2e/m)3/ fxi du (21)
Ui
and the total inelastic frequency is given (see Eq. 25) by
(V + i ) = -(4,/3) (2e/m)3/2 (vc cu 3/2 dfxi/du)x. (22)
The subscript indicates that the quantity in the parenthesis is to be taken at u x. Both
of these expressions contain an unknown normalization constant and so cannot be evalu-
ated as they stand, but their ratio
00oo
Nxi = -(2/3) (cucu3/2 df /du) vu1/2 f du (23)
U.
1
can be evaluated and has a physical meaning. Because one electron must leave the tube
for every one produced, 1/vi is the average lifetime of a free electron from its liber-
ation at an ionization to its absorption at the walls. x/vi is the average number of
excitations produced by an electron during its lifetime, and the number Nxi represents
the total inelastic collisions during an electron's free lifetime.
Because of the exponential nature of fxi' the number Nxi depends primarily on
exp(s x - si). From Eq. 20 it is seen that the main part of s' is given by
[3(vx + i)/ZvcucU] 1/
which, when v c> , is proportional to p/E . Accordingly, the variation of N xi with
p/Ep is given very nearly by
Nxi = a exp(p/j/) (24)
where a and are constants obtainable from Eq. 20.
V. Elastic Range
Below ux the excitation and ionization frequencies are zero, but we must discuss
the appearance rate qF 0 In order to calculate it as a function of energy, it is necessary
to take the product of the distribution function times the excitation function of each level
and shift the product down the energy scale by the energy of the particular level. Since
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the excitation functions of allowed transitions have a sharp maximum just above the
excitation potential, the scattered electrons have very little energy. The excitation
functions of forbidden transitions have a maximum far above the excitation potential, but
there are a negligible number of electrons with sufficient energy to excite these.
Accordingly, most inelastically scattered electrons have very little energy, and no
appreciable error is made in assuming that q is a 6-function at zero energy.
Multiplying Eq. 17 by 4rrv2dv gives the net rate of loss of electrons from the spheri-
cal shell dv. Integrating and making use of Eq. 15 gives
v
x+ v 2 c v 4 d v =- - v c v c + M fe (25)x 1 3A 2 vc 3 c du M e
0
where vx + Zv i is the rate of appearance of electrons at small velocities. The integral
represents losses by diffusion of electrons of speeds between zero and v, and its value
at infinity would, by Eq. 16, equal vi. The difference represents the rate at which
electrons pass the energy u in the upward direction in order to supply the inelastic
processes occurring at higher energies. Equation 25 was derived by Smit (2) directly
from this principle of balance between electrons going up in energy and the rate of
inelastic collisions; however, Smit includes the thermal energy of the gas but does not
include diffusion. In glow discharges the diffusion term is much larger than the thermal
one. At very low pressures the diffusion term is quite large and one must solve the
second-order equation 17 for fe' but in most cases the diffusion term is small and there
is then a great advantage in replacing the integral by an approximation such as
v 4
4T2 f fe dv = vivcv /(vcv 3 ). (26)
This expression gives the full diffusion loss v i at the velocity v0 , which corresponds to
the energy u0 to be defined shortly, and the third power of the velocity was actually found
to be the best in the case for which extensive numerical calculations were made. With
this substitution, Eq. 25 becomes a first-order inhomogeneous equation. If we define
an energy variable w by dw = 3m du/Muc, the solution of the homogeneous part is
fM = A exp(-w) (27)
which is the same function as that given by Margenau (3). The solution of the complete
equation for fe is
f3 vidu m
c c
U
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which, at higher pressures, can be replaced by the simpler function
Ufe 4 (x + i) exp(-w) X exp(w) du/vc . (29)
u
Both of these functions are infinite at the origin, but this is a consequence of our
assumption about the reappearance function q. The constant of integration in both of
these expressions appears as an energy u0 at which the function fe crosses the axis when
extended beyond ux. The meaning of this energy is seen by noting that fe would be
unchanged if the actual excitation and ionization functions vx and v i were replaced at uO
by 6-functions with the proper relative magnitudes so that all inelastic collisions would
take place at exactly that energy. Thus u 0 is the equivalent single excitation potential.
By this equivalence the diffusion should also vanish above uO, and hence the integral
(Eq. 26) must equal i at v = v0.
The potential u0 is determined by equating the logarithmic derivatives of fe and fxi
at ux . In general, the extrapolation u0 -ux is small, and when this is so, a linear
extrapolation formula may be used. The first-order derivative may be eliminated from
Eq. 17 by the standard transformation
g = (cuc)l/2 u 3/ 4 exp(w/2) f. (30)
Then g" = 0 when g = 0. The function g(u) has a point of inflection at u0 and may be
extrapolated linearly back to u , giving
______ g'g 1 dln(vcuc) 1 3m1 () 1 d (cc)+ 1 +3m s' (31)u-u 2 du 4U =~ - x Mu30 x x x c
where the whole right-hand side is taken at ux. When this extrapolation is valid, the
effective excitation potential u0 may be calculated from the inelastic function fxi alone.
VI. Breakdown Equation
The diffusion coefficient D may now be calculated by substituting fe and fxi in Eq. 10.
A negligible error is made by integrating fe from 0 to u0 and not using fxi (see Fig. 1).
The difference is readily computed and is shown to be small. By using Eq. 28, we get
u0
D=3 (= )52 f feu< dU/vc = [-(Vx + i) ] (32)
0 pwhere and are two dimensionless functions of
where ~ and 6 are two dimensionless functions of v0
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vo v0
4 v 2
v exp(-w) dv c
-9 ~~~= dv~~~ T exp(w) dv4 v 2
v0 c vcV
u v
V0
ME2
6 = m
0 
4
V
2 [exp(w - w) - 1] dv. (34)
The breakdown condition is then
AE/2u 0 = Nxi + 6 (35)
where Eq. 23 or Eq. 24 can be substituted for the inelastic collision number.
VII. Constant Collision Frequency
The theory given above has been verified by comparison with measurements of break-
down in hydrogen. For this gas the collision frequency vc is nearly independent of
energy and is given by vc = 5. 9 x 10 p at all energies above 4 volts. The effective field
Ee, defined by
E 2 = v2 E2 /2(v 2+ 2)
e c p c
is then a constant, and the average energy gain per collision is uc = 5 X 10- 5 (Ee/p) 2 ev.
02
60
z
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z
0
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Fig. 1
Distribution functions for hydrogen
for two values of p/E e
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When v is constant, the variable 2w/3 is the ratio of recoil loss to energy gain per
collision; the loss exceeds the gain if w > 3/Z. At the higher pressures, breakdown is
observed for wi approximately 4, so that in these cases the electrons are losing more
energy to recoil, in the average, than they gain from the field, over most of the energy
range. There are a sufficient number of statistically lucky electrons, however, to over-
come this handicap and reach the ionization potential, producing breakdown.
The integrals in Eqs. 33 and 34 can now be evaluated in terms of incomplete
y-functions or, more conveniently, by the series
w0 w
wWO WO
vc w3 exp(-w) t 3/2 exp(t) dt dw2 o
C
c w
2 2 o00
2 4 (2k + 5)!c 4! (k + 1)! (4 wo)k
c 0
V (k + 5! 2k + 7'
c O
Ramien (4) has measured the excitation and ionization probabilities in hydrogen and
his data can be represented by the functions
(Vx + vi)/v c = (h0 + hl/u)(u - ux) (37)
vi/v c = hi(u - ui) (38)
with the constants u. = 16. 2 volts, h. = 9. 2 10 - volt - 1, ux = 8. 9 volts. The values
1 1-3h= 8. 7 x 10 volt and h = 1.4 10 are in agreement with Ramien's data but were
actually obtained by fitting the present theory to the breakdown data, since this is a more
critical test of their value. Agreement with the breakdown data could not, however, be
obtained if the losses observed by Ramien below 8. 9 volts and ascribed to the excitation
of vibrations were included in the theory.
With the inelastic collision functions given above we set
s = au - b ln u + c/u. (39)
The coefficients a and b are determined in the usual way for series near infinity
a = 3h0//u c
(40)
b = 3(h 0 ux - hl)/4auc - 1/4.
The coefficient c is used to obtain exact agreement at ux. This gives
-9-
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c/u x = au x - b + 3/4 - (2au - b + 9/16)l/2
The approximation is then tested by substituting Eq. 39 with these constants back into
Eq. 18 and solving for (v i + vx). This gives the theoretical excitation frequency for
which Eqs. 19 and 39 are the exact solution, and it must agree closely with the experi-
mental data for Px and Pi, particularly between ux and u i . Substitution of Eqs. 19 and
39 in Eq. 23 gives the number of inelastic collisions per electron
h au b+ 1/ c/u u b
Nxi h. UxN i h (ui) \u. )exp (a - c/uiux) (u i - Ux)] (42)
where
(k + I + 1)! (b 1)
x) 'k k T/au2
k=0 1=0  (aui b - k - ! 
This function, shown in Fig. 2, agrees very well with the approximation (Eq. 24) with
a = 2, ,/v/ = 71. 7 p/E e in volts/cm, for almost the whole range of the measurements.
The limit Nxi = 2 as p/E 0 comes from the near equality of h i and h0 so that at high
energies there are about equal numbers of excitations and ionizations. Introducing
Eq. 39 in Eq. 31, we find the effective excitation potential from
l/(u0 - ux) = a - 3m/2Muc - (b + 1/4)/ux - c/ux. (43)
Expressions 36, 42, and 43 may then be introduced in Eq. 35 to obtain a direct compar-
ison with the quantities measured at breakdown. The results are shown in Fig. 3. The
agreement is good over a wide range of pressure for several different values of A and
at two different frequencies. The disagreement at low pressures is due to the neglect
of the diffusion term in fxi' and to the approximations made in the formula for the effec-
tive excitation potential uo; at these pressures the more exact confluent hypergeometric
functions should be used (5).
The agreement with breakdown data gives considerable confidence that the distribu-
tion function is correct, and therefore it may be used to compute other quantities of
physical interest. Normalizing the distribution fe yields the total number of collisions
by an electron
Nc Vc/ i = (UO/uc) [Nxi(l + wo0 ) + 3/5 + w0 6] (44)
and this is shown in Fig. 4. The tremendous number of collisions experienced by an
electron before being absorbed by the walls is a measure of the probability of its finding
an impurity, however small. At pA = 40 cm-mm Hg, which corresponds in hydrogen
to p/E = 0. 1, there are 107 collisions. Therefore, an impurity occurring as one part
in 10 will be struck, in the average, ten times by each electron. If the impurity is such
-10-
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as to attach the electron, it will make breakdown more difficult. This is probably the
explanation of the experimental points lying above the theoretical curve at the higher
pressures.
The mean energy u is obtained from the same integral as the diffusion constant and
is given by
/uO = (3/2) (Nxi+ 6)/ [Nxi(l + wo0 ) + 3/5 + w0 6]. (45)
At high pressures the mean energy tends
are plotted against p/E e in Fig. 5.
towards 3u0 /10. The mean energy and u0 - ux
Acknowledgment
The authors wish to acknowledge the help of Mr. John J. McCarthy, who obtained
the data at 100 Mc/sec, and of Miss Hsi-Teh Hsieh, who carried out the calculations
and assisted in the theoretical work.
References
1. S. C. Brown, A. D. MacDonald: Phys. Rev. 76, 1629, 1949
2. J. A. Smit: Physica 3, 543, 1936
3. H. Margenau: Phys. Rev. 69, 508, 1946
4. H. Ramien: Z. Physik 70, 353, 1931
5. A. D. MacDonald, S. C. Brown: Phys. Rev. 76, 1634, 1949
-13-
___X___________1·_LIIC___I__ C ------ --· --- I
- __
f
